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n 2 n n trigonometric r—x—Smcosr<ﬂ§m\/cosx<x——<xcos—<smr<
2 2 2 z2/3 6 V3
Cauchy-Schwarz inyi < sz Zyi 9
i=1 i=1 i=1 zcos(0.56 ) <z < x4 ? <tanz, and —z <sinz, forz € [0,%].
™
1 1 1
n P n P n P . . : 12/2+o¢z _
Minkowski (Z |25 + yi|p> < (Z |$i|p> n <Z |y1|p> C forp> L. hyperbolic cosh(z) + asinh(z) < e , where z € R, a € [-1,1].
i=1 i=1 i=1 atb b—a
Napier b> > > Vab>a, for0<a<hb.
n n /p s n 1/q 2 In(b) — In(a)
o 1 1
Hélder D lmiyil < (Dl Slwle) , forpg>1, S+ =t
=1 =1 =1 2 . 1/
means max{z;} > 1/ Zi > & > (Hm) " > n71 > min{x; }
Bernoulli 1+z)" >14rx, forz>-1, reR\(0,1). If r =2n (n €N), n n >
inequality holds for z € R. Reverse holds for z > —1, r € [0, 1]. power means M7, < Mg, for all pairs r < s, where:
1
Q42 <1+ —b  forr>1, —1<z<——1. n yr
1—(r—1= r—1 M (x1,22,...,Zn) = Zwlx: and Y w; = 1.
) « Tyn . i=1
exponential e > (1+ n) >1+2z, forxeR,n>0(left), n>1 (right). If » = —00,0, +00, M/ tends to min, geom. mean and max, respectively.
If x < 0, then n > —z is required for both. Outer inequality always holds.
2 Y 4 Maclaurin ¥/ > *tR/ Sk+1, forl <k < n, where:
e >z¢ forzeR, e*>1+xz+ —, forax >0, reverse for z < 0. 1
2 Sk:m Z Qi Qg+ a5, and  a; > 0.
T 22 23 k/ 1<igj<--<ixg<n
logarithm <log(l+a) <min{z, o — — + —}, forz>-1
z+1 2 3 Newton Sp2 > Sk—1Sk+1, forl <k < n,and Sy as before.
2
=T <log(l+z) < m , for x > 0. Reverse for z € (—1,0].
2+ vz +1 Jensen ¢ (E[X]) <E[p(X)], where X is a random variable, and ¢ convex.
2 3 . A
log(1 + ) > @ — % + %’ for @ € [0, ~ 0.45], reverse clsewhere. For concave ¢ the reverse holds. Without probabilities:
n n
2 3 e(D> piwi) < > pip(wi), wherep; >0, p;i=1.
log(l —z) > —x — o 27 for x € [0, ~ 0.43], reverse elsewhere. (Zl ‘ l) Zl ‘ ‘ ‘ 2P
2 2 i= i=
n 1 n n
harmonic log(n + 1) Z — <log(n) + Chebyshev Z f(ai)g(bi)ps > Z flas) Pz) (Z g(bi) pz > Z f(ai)g(bn—i+1)pi,
-1 ) i=1 =1 i=1
fora; <---<ap, by < - < by, and f,g nondecreasing, p; > 0, >_p; = 1.
square Toot W+l -2ve < 7 <2Vr-2/e-1, forz>1 With expectations: E[f(X)g(X)] > E[f(X)]E[g(X)].
n n nk en = = =
binomial (E)k < (kz) < o < (?)k, form>k>0 rearrangement Z i > Z ibr(i) 2 Zaibn,prl, for a; < -+ < an,
° =1 =1 =
d b1 <--- < b, and 7w a permutation of [n]. More generally:
binomial sum Z()Sn +1 forn>d>0 n
=0 Zfz b)>2fz(b7r(z >Zfz n— z+1)
d n en.d i=1
Z <z) < F) , form>d>1 with (fig1(z) — fz(z)) nondecreasmg forall 1 <i<mn.
1=0
P oyl 1 1
92n om 922n Young zy< —+=—, forz,y>0 and p,g>0, —+—-=1.
middle binomial < ( ) < P q P q
2¢/n n V2n
7
binomial ratio (a"n) < a1 - a)t °‘>] for a € (0,1). Chong Z arii) 2mn, and H a2 H 4@, fora; > 0.
i=1 T\ i=1 i=1




n n 2 n 2 n n n
A 1 1 1
Kantorovich (Z ) <Z > (E) <Z :piyi> , for z;,y; >0, Mabhler 1_[(51:z + i) /n > H mi/n + H y! /"7 where z;,y; > 0.
= = i=1 i=1 i=1 i=1

0<m Sy <M < oo, A:(m+M)/27 G=vmM. m n m n m n m n
1
b — 90§ (VS o)y ETINTUIS § poliis) |  wrOsis
_ j=1li=1 j=1li=1 j=14i=1 j=1i=1
Cauchy v'(a) < f) = f(a) < ¢'(b), where a <b, and ¢ convex. = ] = .
b—a for 0 <aj; <---<ajym fori=1,...,n and 7 is a permutation of [n].
For concave ¢ the reverse holds.
n n
b 1 b b ;) > ; Sag > > > >
Hadamard ® at < 7/ o(x) dz < M7 for ¢ convex. Karamata Z‘P(‘%) = Z‘P(bz)7 where a1 > a2 > -+ > an and by > -+ > by,
2 b—a Jg 2 i=1 =1 . :
and {a;} > {b;} (majorization), i.e. Zai > Zbi foralll1 <t<mn,
Gibbs a; lo >alo for a;,b; >0, a:=> a;, b:=> b;. i=1 i=1
Z ! g g b’ v = 2 ai 2bi with equality for ¢ = n and ¢ is convex (for concave ¢ the reverse holds).
Woegi > ,(ﬁ)< (E) fi d variabl bef Muirhead iz a1 L gdn >izb1 cooghn
oeginger a;p o) < a¢(-), forp concave and variables as before. uirhea o To) " Faln) 2 Ty Ty
s s
zp Tg where a1 > a2 > -+ > an and by > by > -+ > by, and {ax} = {bx},
S Zyp S T . .
Pecarié (1 + p) = (1 + q) » where either (i) 2> 0, p > ¢ >0, z; > 0 and the sums extend over all permutations 7 of [n].
(it) —p< —q<z<O0 or (ii) —qg>—p>x>0. Reverse, if
. 1/k
(iv) g<0<p, —g>z>0 or (vV)g<0<p, —p<z<0. n k n
Carleman Z H las] <e Z lag|
k=1 \i=1

n
Shapiro > —"
= Ti41 + Ti42

n n n n
a;b;
and n < 12 if even, n < 23 if odd. Milne < E (a; + bl)> <§ — ;Zb‘> < (E ai) < E bi)
i=1 i=1 " o i=1 i=1

n
> 5 where z; > 0, (n41,Tny2) = (1, 22),

Schur etz —y)(e—2) +y'(y—2)(y—z) + 2 (z — ) (2 —y) > 0,
where z,y,2 > 0,t >0 k n k
. . Abel bnmkin2|ai|§2\aibi\gbnmgxzmi\, for0<b; <---<bp.
Weierstrass H (1—=z)" >1- Z w;z;, wherez; <1, and
=1 i=1 o oo % . %
either w; > 1 (for all i) or w; < 0 (for all i). Hilbert Z ——— (Z a > (Z bi) , for am,bn €R.
If w; € [0,1], S w; <1, and z; < 1, the reverse holds. m=1n=1 =

If we put max{m,n} instead of m + n, we have 4 instead of .

n
a;
z, a;x;

=1 =1 o~ (a1 t+az+-- +an\P P\ —
Ky Fan —= <= , forz; €0, %], a; €10,1], > a; =1. Hardy Z (M) < (71) Z ab, foran>0,p>1.
n —
H(l—xi)ai Zai(l_l’i) n=1 p n=1
i=1 i=1
oo 4 oo o0
n n
Carlson a < 72 an? nan? for a,, € R.
4 2 2 2 2 mn = n n n
st b = Y > (6= 3 a) 6 - 30, (Em) <= Eo g
i—2 i=2
given that a? > Za? or b3 > be 1 > 2n 1
5 “ Mathieu < < —, fo 0.
i=2 i=2 2 11/2 nz::l 2+ c2)2 2 re#

n n n n
Callebaut <Z a}"'zb}_z) <Za}_zb%+l> > (Zaﬁybgy) (Z a%yb}ﬂ), - p -
i=1 i=1 i=1 i=1 Copson Z Z 2k <pP Z an?, for an >0, p > 1, reverse if p € (0, 1).
for1>z>y>0. n=1 \k>n n=1
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Bennett

¥71S;,  for 1 <k <n, k odd,

._ISj, for 2 < k < n, k even.

J <z
B>

Sk = Z Pr [Ai1 n---N Aik} ,  where A; are events.
1< <--<ip<n

. B[1x] | |
r[|X|>a] < P where X is a random variable, a > 0.
Pr[ch]gl%E[X], for X € [0,1] and ¢ € [0, E[X]].

—C

n
Without probabilities: c < —'u, where c¢ is the number of
a

elements > a, among n nonnegative numbers with mean u.

Var[X]
Pr[|X —E[X]| >t] < o
Var|X]
Pr[X —E[X]>t] < VarlX] 1 22 where ¢ > 0 (for both).

Var[X] < (M — E[X]) (E[X] —m), where X € [m, M].

u—ovn—-1<z; <pu+ovn—-1, fori=1,...,n.
Where p =Y ai/n, 0% =3 (xi —p)?/n.

Pr[|X — E[X|>>\a]ggi if)\z\/g,

Pr[|X —m|>¢] <‘;7 ifaz%,
2T
Xom|>e]<1- ife< 2L
[[X-m|>e] < 75 ez

Where X is a unimodal random variable with mode m,

0% = Var[X] < oo, 72 = Var[X] + (E[X] — m)? = E[(X — m)?].
Pr[mkax |Sk| > €] < E%Var[Sn] = aiQ ZVar[XZ]

where X1,..., X, are independent random variables, E[X;] =0,

Var[X;] < oo for all i, Sy =3F | X; and e > 0.

Pr[lr<nlgx |Sk| > 3a] <3 ?kax (Pr[ |Sk| > a]),

where X; are independent random variables, Si = Zf:l X, a>0.

n M
Z i >¢e] <exp (—M— o( ° )), where X; independent,

no?
E[X;]=0, 02 = %ZVar[Xi], |Xi] < M (w. probab. 1), € >0,
O(u) = (1 +u)log(l+u) — u.

E[|Xn|] .
Doob Pr[ max |Xg|>¢e] < ——=, for martingale (X;) and € > 0.
€

1<k<n
Bernstein Pr X, >e|<e —————— |, for X; independent,
[ xizels Xp(2<m2+Me/3)) e

E[Xi] =0, |X;| < M (w. prob. 1) for all i, 02 =1 3 Var[X;], ¢ > 0.

ed ® _/152
Chernolt ez 0ol < (g ) <o (Graas)

where X; independently drawn from {0,1}, X = > X;, u=E[X], 6 > 0.

Pr[X < (1-0)u]< (ﬁ)# < exp (*‘;52) for 6 € [0,1).

Simpler (weaker) form: Pr[ X > R] <278 for R> 2e u (= 5.44p).

—262
i=1 (b 70‘1)2
X; € [a;,b;] (w.prob. 1), X =3 X;, § >0.

A related lemma, assuming E[X] =0, X € [a,b] (w. prob. 1) and A € R:
A2(b—a)?
E[e)\X} < exp (%)

Azuma PrHanXO|25] §2exp(

Hoeffding Pr| }X — E[XH >6] <2exp ( ), for X; indep.

52
2300 @
|Xi - Xi,l} < ¢; (w. probability 1), fori=1,...,n, 6 > 0.

n
Z (Z — Zz)?

frXm =R, Z=f(X1,..,Xn), 20 = f(X1,..., Xi,. 0, Xn).

), for martingale (Xj) s.t.

Efron-Stein Var[Z] < = E for X;, X;’ € X independent,

—262
McDiarmid Pr[|Z-E[Z]| >6] < 2exp (W) for X;, X;' € X indep.,
i=1C

Z, Z(W) as before, s.t. |Z — Z(i)} < ¢; for all 4, and § > 0.

Janson M < Pr [no B; occurs} < M exp (2 3
— 2

), where € > Pr[B;] for all 1,

M= H(l —Pr[B;]), A= ZPr[Bi A Bj], for B; and B; dependent.

i#j
" 1 1,
Erdés —— > —n“logn, where —1<x; <--- <z, <1.
1<j<han Tk 8
N .
Kraft Z 27¢()) <1, where N is the number of leaves in a binary tree,

and c(4) is the depth of a leaf 4.
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